A new approach called Flow Curvature Method has been recently developed in a book entitled Differential Geometry Applied to Dynamical Systems. It consists in considering the trajectory curve, integral of any n-dimensional dynamical system as a curve in Euclidean n-space that enables to analytically compute the curvature of the trajectory -or the flow. Hence, it has been stated on the one hand that the location of the points where the curvature of the flow vanishes defines a manifold called flow curvature manifold and on the other hand that such a manifold associated with any n-dimensional dynamical system directly provides its slow manifold analytical equation the invariance of which has been proved according to Darboux theory. The Flow Curvature Method has been already applied to many types of autonomous dynamical systems either singularly perturbed such as Van der Pol Model, FitzHugh-Nagumo Model, Chua's Model, ...) or non-singularly perturbed such as PikovskiiRabinovich-Trakhtengerts Model, Rikitake Model, Lorenz Model,... Moreover, it has been also applied to non-autonomous dynamical systems such as the Forced Van der Pol Model. In this article it will be used for the first time to analytically compute the slow invariant manifold analytical equation of the four-dimensional Unforced and Forced Heartbeat Model. Its slow invariant manifold equation which can be considered as a "state equation" linking all variables could then be used in heart prediction and control according to the strong correspondence between the model and the physiological cardiovascular system behavior.
Introduction
Dynamical systems consisting of nonlinear differential equations are generally not integrable. In his famous memoirs: Sur les courbes définies par une équation différentielle, Poincaré [22, 25] faced to this problem proposed to study trajectory curves properties in the phase space.
". . . any differential equation can be written as:
where X are integer polynomials. If t is considered as the time, these equations will define the motion of a variable point in a space of dimension n." -Poincaré (1885, p. 168) -Let's consider the following system of differential equations defined in a compact E included in R as:
with X = [x 1 , x 2 , ..., x n ] t ∈ E ⊂ R n and − → ℑ ( X) = f 1 ( X), f 2 ( X), ..., f n ( X)
The vector − → ℑ ( X) defines a velocity vector field in E whose components f i which are supposed to be continuous and infinitely differentiable with respect to all x i and t, i.e. are C ∞ functions in E and with values included in R, satisfy the assumptions of the Cauchy-Lipschitz theorem. For more details, see for example [2] . A solution of this system is a trajectory curve X (t) tangent 1 to − → ℑ whose values define the states of the dynamical system described by the Eq. (1).
Thus, trajectory curves integral of dynamical systems (1) regarded as ndimensional curves, possess local metrics properties, namely curvatures which can be analytically 2 deduced from the so-called Frénet formulas [10] . For low dimensions two and three the concept of curvatures may be simply exemplified. A three-dimensional 3 curve for example has two curvatures: curvature and torsion which are also known as first and second curvature. Curvature 4 measures, so to speak, the deviation of the curve from a straight line in the neighborhood of any of its points. While the torsion 5 measures, roughly speaking, the magnitude and sense of deviation of the curve from the osculating plane 6 in the neighborhood of the corresponding point of the curve, or, in other words, the rate of change of the osculating plane. Physically, a three-dimensional curve may be obtained from a straight line by bending (curvature) and twisting (torsion). For high dimensions greater than three, say n, a n-dimensional curve has (n − 1) curvatures which may be computed while using the Gram-Schmidt orthogonalization process [15] and provides the Frénet formulas [10] for a n-dimensional curve.
In [12] it has been established that the location of the point where the curvature of the flow, i.e. the curvature of the trajectory curves integral of any slow-fast dynamical systems of low dimensions two and three vanishes directly provides the slow invariant manifold analytical equation associated to such dynamical systems.
In a book recently published [14] the Flow Curvature Method has been generalized to high-dimensional dynamical systems and then extensively exemplified to analytically compute: fixed points stability, invariant sets, center manifold approximation, normal forms, local bifurcations, linear invariant manifolds of any n-dimensional dynamical systems which may be used to build first integrals of these systems.
One of the main applications of the Flow Curvature Method presented in the next section establishes that curvature of the flow, i.e. curvature of trajectory curves of any n-dimensional dynamical system directly provides its slow manifold analytical equation the invariance of which is proved according to Darboux Theorem.
Then, it will be used for the first time to analytically compute the slow invariant manifold analytical equation of the four-dimensional Unforced and Forced Heartbeat Model.
The concept of invariant manifolds plays a very important role in the stability and structure of dynamical systems and especially for slow-fast dynamical systems or singularly perturbed systems. Since the beginning of the twentieth century it has been subject to a wide range of seminal research. The classical geometric theory developed originally by Andronov [1] , Tikhonov [29] and Levinson [18] stated that singularly perturbed systems possess invariant manifolds on which trajectories evolve slowly and toward which nearby orbits contract exponentially in time (either forward and backward) in the normal directions. These manifolds have been called asymptotically stable (or unstable) slow manifolds. Then, Fenichel [6] , [9] theory for the persistence of normally hyperbolic invariant manifolds enabled to establish the local invariance of slow manifolds that possess both expanding and contracting directions and which were labeled slow invariant manifolds. Thus, various methods have been developed in order to determine the slow invariant manifold analytical equation associated to singularly perturbed systems. The essential works of Wasow [31] , Cole [3] , O'Malley [20] , [21] and Fenichel [6] , [9] to name but a few, gave rise to the so-called Geometric Singular Perturbation Theory and the problem for finding the slow invariant manifold analytical equation turned into a regular perturbation problem in which one generally expected, according to O'Malley (1974 p. 78, 1991 p. 21) the asymptotic validity of such expansion to breakdown. So, the main result of this work established in the next section is that curvature of the flow, i.e. curvature of trajectory curves of any n-dimensional dynamical system directly provides its slow manifold analytical equation the invariance of which is established according to Darboux Theorem. Since it uses neither eigenvectors nor asymptotic expansions but simply involves time derivatives of the velocity vector field, it constitutes a general method simplifying and improving the slow invariant manifold analytical equation determination of high-dimensional dynamical systems.
Slow manifold of high-dimensional dynamical systems
In the framework of Differential Geometry trajectory curves X (t) integral of n-dimensional dynamical systems (1) satisfying the assumptions of the CauchyLipschitz theorem may be regarded as n-dimensional smooth curves, i.e. smooth curves in Euclidean n−space parametrized in terms of time.
Proposition 2.1. The location of the points where the curvature of the flow, i.e. the curvature of the trajectory curves of any n-dimensional dynamical system vanishes directly provides its (n − 1)-dimensional slow invariant manifold analytical equation which reads:
X represents the time derivatives of X.
Proof. Cf. Ginoux et al. [13] ; Ginoux [14] 2
.2 Darboux invariance theorem
According to Schlomiuk [26] , [27] and Llibre et al. [19] it seems that in his memoir entitled: Sur les équations différentielles algébriques du premier ordre et du premier degré, Gaston Darboux (1878, p. 71) has been the first to define the concept of invariant manifold. Let's consider a n-dimensional dynamical system (1) describing "the motion of a variable point in a space of dimension n." Let X = [x 1 , x 2 , . . . , x n ] t be the coordinates of this point and
its velocity vector. 
for all X ∈ U and with the Lie derivative operator defined as:
In the following invariance of the slow manifold will be established according to what will be referred as Darboux Invariance Theorem.
Proof. Cf. Ginoux et al. [13] ; Ginoux [14] 3 Heartbeat model
Description of the model
According to di Bernardo et al. [5] "The cardiac conduction system may be assumed to be a network of self-excitatory pacemakers, with the SinoAtrial (SA) node having the highest intrinsic rate. Subsidiary pacemakers with slower firing frequencies are located in the AtrioVentricular (AV) node and the HisPurkinje system. Under physiological conditions, the SA node is the dominant pace-maker and impulses travel from this node to the ventricule through the AV junction, which is traditionally regarded as a passive conduit." Then, starting from the assumptions ( [17] ) that between the SA and AV node a bi-directional coupling exists they describe the cardiac conduction system (Cf. Fig. 1 & Fig.  2 ) by means of two-coupled nonlinear oscillators. For a genesis of the model see di Bernardo et al. [5] and Signorini et al. [28] . The model proposed may be also described by an equivalent electrical circuit depicted in Fig. 2 . Its structure with two nonlinear oscillators in parallel with a resistance put together the features of the Van der Pol [30] and West [32] models. These two coupled nonlinear oscillators are built from a modification of the Van der Pol model, so that the generated waveforms resemble the action potentials of cells in the SA (resp. AV) node. The AV nonlinear oscillator represents the waveform of the intensity (x 3 ) which satisfactorily replicate the action potential (x 4 ) in the AV node and corresponds exactly to the original Van der Pol model when the resistance is null, i.e. in the uncoupled case. Thus, the nonlinear function f (x) which represents the tension (x 3 )-current (x 4 ) characteristic of the nonlinear resistor (e.g. a triode) may be written as:
For the generated waveform of the intensity (x 2 ) resembles the action potential (x 1 ) of the SA node cells the tension (x 1 )-current (x 2 ) characteristic of the nonlinear resistor of the oscillator representing the SA node which is also of Van der Pol type must be modified (di Bernardo et al. [5] ). Thus, by adding the piecewise linear function h(x) to the cubic nonlinearity of the Van der Pol oscillator f (x) its characteristics reads.
Moreover, let suppose that the waveform of the voltage generator in (SA) can be sinusoidal of amplitude A and frequency f . Forcing the system means that a region of the cardiac tissue can become an active pacemaker and so interferes with the normal sinus rhythm generated by the SA node. The model is thus two-coupled nonlinear oscillator implemented in a set of four non-autonomous ordinary differential equations.
The R parameter models the coupling "strength" between the SinoAtrial (SA) and the AtrioVentricular (AV) node. The parameters value satisfying a normal heartbeat dynamics are:
By varying this coupling resistance while keeping other parameters as above, a type of arrythmia known as 2 o AV block of the Wenckebach type may be obtained. In order to describe arrythmia, di Bernardo et al. [5] introduced two integers n : m which means the atria contract n times while the ventricles m times. Thus, the Flow Curvature Method will enable, according to Prop. 2.1, to directly compute the slow manifold analytical equation associated with heartbeat model (4) in both unforced and forced cases for various values of the coupling parameter R.
Unforced Heartbeat model
While posing A = 0 in Eq. (4) the heartbeat model is then described by an autonomous dynamical system. As soon as R > 0.11Ω, 1 : 1 periodic solutions are observed (Cf. Fig. 3 ). When R decreases this value a series of subharmonic bifurcations undergoes and the attractor resembles one type of arrythmia known as 2 o AV block of the Wenckebach type. By posing R = 0.018Ω the slow invariant manifold analytical equation corresponding to that case (Cf. Fig. 4 ) has been computed according to Prop. 2.1 and may be written as:
Because of the presence of the piecewise linear function h(x) in Eq. (4) the slow invariant manifold analytical equation may be computed for each side, i.e. for x < −0.5 and for x > 0.5. In both cases it leads to a polynomial depending on the variables: x 1 , x 2 , x 3 , x 4 the equation of which is given in Appendix. In Fig. 4 it can be observed that both trajectory curves and slow invariant manifold are in a very close vicinity. This due to the smallness of the parameters such that L SA and L AV .
Forced Heartbeat model
When the amplitude A is different from zero the dynamical system (4) will become non-autonomous and it will be the same for the slow invariant manifold analytical equation. So, in order to avoid such difficulty a suitable variable changes may transform this non-autonomous system into an autonomous one while increasing the dimension of two. Indeed the forcing is modeled by the cosine which is nothing else but the solution of an harmonic oscillator. Thus, the autonomous forced heartbeat model may be written as a set of six ordinary differential equations.
where x 5 is the solution of the harmonic oscillator of pulsation Ω = 2πf . Moreover, it may be stated that in the vicinity of the flow curvature manifold both flow curvature manifold and its Lie derivative are merged. Thus, according to Darboux Invariance Theorem and Prop. 2.2 the slow manifold of the Unforced and Forced Heartbeat models are locally invariant.
Discussion
In this work a new approach which consists in applying Differential Geometry to Dynamical Systems and called Flow Curvature Method has been partially presented. By considering the trajectory curve, integral of any n-dimensional dynamical system, as a curve in Euclidean n-space, the curvature of the trajectory curve, i.e. curvature of the flow has been analytically computed enabling thus to define a manifold called: flow curvature manifold. Since such manifold only involves the time derivatives of the velocity vector field and so, contains information about the dynamics of the system, it enables to find again the main features of the dynamical system studied. Thus, Flow Curvature Method enables to analytically compute: fixed points stability, invariant sets, center manifold approximation, normal forms, local bifurcations, slow invariant manifold and integrability of any n-dimensional dynamical systems but also to "detect" linear invariant manifolds of any n-dimensional dynamical systems which may be used to build first integrals of these systems.
Then, according to [14] Flow Curvature Method has been applied to a 4-dimensional autonomous dynamical system, i.e. the Unforced Heartbeat model and to a 6-dimensional non-autonomous dynamical systems, i.e. the Forced Heartbeat model in order to compute their slow invariant manifold analytical equation which may be considered as a "state equation" linking all variables of such systems and then allowing to express one with respect to all others. Thus, according to the works of di Bernardo et al. [5] ; Signorini et al. [28] the slow invariant manifold analytical equation could be used to study different aspects of the heartbeat dynamics such that heart prediction and control of one variable or one parameter from all others. Moreover, the Flow Curvature Method could be also applied to biodynamical model of HIV-1. This will be the subject of another publication.
